
P R E C I P I T A T I O N  O F  A U N I P O L A R - C H A R G E D  A E R O S O L  

ON A N  A R R A Y  O F  G R O U N D E D  C O N D U C T O R S  

V.  F .  D u n s k i i  a n d  K.  A .  K r i s h t o f  

An approx imate  method for  calculat ing precip i ta t ion  of a un ipo la r -cha rged  ae roso l  on a unit 
conductor  of sphe r i ca l  o r  cyl indr ica l  shape placed at a ce r t a in  height above a grounded plane 
su r f ace  in a un i form e lec t r i c  field, and a lso  on a r r a y s  of grounded conductors ,  is  descr ibed .  
Exper imenta l  r e s u l t s  a r e  r epor ted .  

The precip i ta t ion  of suspended un ipo la r - cha rged  pa r t i c l e s  of cha rge  q, mobil i ty  k, and calculated con- 
cent ra t ion  n o onto a grounded conductor  of su r face  cha rge  densi ty a and e lec t r i c  field s t rength  at the su r face  
Ea, is given by the fo rm u l a  

N = nokqE a 

where  N is the number  of pa r t i c l e s  prec ip i ta ted  on a unit su r face  a r e a  of the conductor  in 1 sec ;  the g r a v -  
i tat ional  and o ther  f o r ce s  acting on the par t i c le  a r e  h e r e  a s sumed  much s m a l l e r  than the e lec t r i c  field, so 
that  they can be safely left  out of account.  

The a v e r a g e  field s t rength  E a at  the su r f ace  of the body is de te rmined  by the cha rge  Q on the body. 
The p rob lem thereby  b e c o m e s  reducib le  to de te rmina t ion  of the cha rges  on each of the conductors  c o m p r i s -  
ing the a r r a y .  

The cha rge  induced on a conducting grounded sphe re  i m m e r s e d  in the e a r t h ' s  e l ec t r i c  field 

01 = 4~eoeaEoH = K 

where a is the rad ius  of the sphere ,  s 0 is the permi t t iv i ty ,  s is the re la t ive  perml t t iv i ty  (dielectr ic  constant)  
of the medium,  E 0 is the s t rength  of the undis turbed field, and H is the height of the sphere  above ground. 

The a v e r a g e  field s t rength  at  the su r face  of the sphere  

E1 = Q! /4~e0ea2 = E o H / a  ( I )  

We do take into account  the effect  of cha rge s  induced on the e a r t h ' s  su r face .  We r e s o r t  to the method 
of images  to do this ,  i .e . ,  we r ep l ace  the ear th  by a f ict i t ious sphere  of equal s ize  placed s y m m e t r i c a l  with 
r e s p e c t  to the ea r th t s  su r face  and having a cha rge  of the s a m e  magni tude and opposed sign. According to 
the superpos i t ion  pr inciple ,  the potential  of the bounded sphe re  (neglecting Ib ias ,  w i .e . ,  when a /H  << 1) 

Hence 

Q~ Q~ 
= E o H - -  ~ + s--~- ~ -  =0 

We now turn  to the ca se  of two grounded sphe re s  at height I-I, neglect ing b ias ,  i .e. ,  a s suming  a / b  << 1, 
where  b is the d is tance  separa t ing  the two sphe re s .  As a consequence of s y m m e t r y ,  the induced cha rges  on 
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the two s p h e r e s  a r e e q u a l .  

Hence 

The condit ion that  the potent ia l  on the  su r f ace  of one of them be ze ro  is 

=EoH- -  i \ a - - ~ Y - + - ~ - - -  ] / ~ ' ) = 0  <L=4 .... ) 

a a i l-i 
(3) 

In the c a s e  where  n > 2 s p h e r e s  a r e  p r e sen t ,  t h e i r  c h a r g e s  a r e  unequal,  and the ca lcu la t ions  boi l  
down to solving a s y s t e m  of f i r s t - d e g r e e  equat ions with the number  of equations e i t h e r  n /2  o r  n /2  + 1. The 
n u m e r i c a l  so lu t ions  a r e  obtained on a compute r .  T h e s e  show that ,  in the c a s e  of s p h e r e s  s i tua ted  c l o s e r  
to the middle  of the row, the c h a r g e s  a r e  s m a l l e r  than on the e x t r e m e  ou t ly ingsphe re s ,  and that  the c h a r g e s  
d e c r e a s e  with i n c r e a s i n g  n, o ther  things being equal.  

In addi t ion to the n = 2 case ,  the c h a r g e s  on al l  the s p h e r e s  turn  out to be equal in the l i m i t  n = oo 
This  c a se  is  not only a l imi t ing  ca se ,  but i s  of independent  i n t e r e s t  in i t s  own r igh t :  it  can be t r ea t ed ,  for  
ins tance ,  as  an app rox ima te  model  of a l a r g e  number  of p roduc ts  moving on a suspended conveyor  be l t  in 
s low advance through an e l e c t r o s t a t i c  p a i n t - s p r a y i n g  zone. 

When n = ~ ,  the zero  potent ia l  condi t ion on the s u r f a c e  of one of the s p h e r e s  i s  

Q, ( ~  i 2 z 

2 2 1 . . .  +--~v-b, _ - V ~  + . . . .  o 

Hence,  a f t e r  some s t r a igh t  f o rwa rd  t r a n s f o r m a t i o n s ,  

o o  

[( " I , ) Q4 = K i - -2- i f -  ~ 2b F =  , c --~ 4H2/b ~ 
- , ~  ' = T -  V ~ - 4 - ~  

(4) 

Enl is t ing  the  a id  of the i n t eg ra l  convergence  c r i t e r i o n ,  we can e s t i m a t e  the d e g r e e  of a c c u r a c y  ! ~ in 
the  ca l cu la t ions  when the number  of t e r m s  in the s e r i e s  i s  n: the  r e s i d u e  

s a t i s f i e s  the inequal i ty  

i + ]/{ + c/(n + i ) '  t + Fq + c/n ~ 
I n  2 < R. < i n  2 - -  

Equations (3) and (4) define the top and bottom limiting values of the charge on the sphere. The numer- 
ical calculations show that when there is a finite number of spheres present, other conditions being equal, 
the charge Q on any sphere will satisfy the inequality qs > Q > Q4. 

This is also inferred directly from equations of type (4): each increase by two in the number of 
spheres present, i.e., addition of twopairs of symmetrical and equal charges, results in a lowering of the 
charge on the central sphere, i.e., this charge tends monotonically to some limit as n -~ ~. Under the con- 
ditions assigned in the experiments (see below), we have Q31Q4 = 3.85, i.e., the range of Q values for differ- 
ent n is relatively restricted, and Eqs. (3) and (4) are valid for approximate estimates and as cheeks on the 
numerical calculations. 

By utilizing the same method, we can derive similar formulas for systems or arrays consisting of 
cylindrical conductors of infinite extent. The induced Q| are referable to a unit length of the cylindrical 
conductor in that array. In the case of a single cylindrical conductor in the uniform field of the earth at a 
height H, with attention given to the charges induced on the surface of the earth, 

1 2ss ~-~ (5) 
) 
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Fig. 1 

In the case  of two conduc tors  

K r r 2H ( 4H ~ ~'1211-1 
O ~ ' = ~ t ' n [ T  t+- -~)  Ji (6) 

In the ca se  of an infinitely l a rge  number  of conductors  (which can be t r ea ted ,  for  example ,  as  a m o -  
�9 del of ag r i cu l tu ra l  c r o p s  sowed in row dr i l l s )  

c o  

~-~ (7) ~"--z-) , 1-[ = , + - ~  

According  to [1] 

i.e., 

~ (  c \ sh g if  c- sh (2nH/b) 
,,=1 i + --~-) _ ~ V T -  - 2:~H/b 

Q,' = 2-~- [ In ( b--~ ~h --2~-H )]-1 
(8) 

AS in the ca se  of s p h e r e s ,  Eqs. (6) and (8) de t e rmine  the top and bot tom l imit ing va lues  of the l inear  
densi ty of the charge  QI induced on the cy l inders .  The  numer i ca l  ca lcula t ions  r evea l  that  when the number  
of cy l inde r s  is  finite and other  conditions a r e  the s a m e  Qe 4 < Q! < Qt3; a s  in the case  of sphe re s ,  this  is  
a l so  d i rec t ly  evident f r o m  fo rmu la s  of  type (7). Under the conditions s t ipulated in the exper imen t s ,  QI3/ 
QI 4 = 4.27, i .e . ,  the r ange  of QI va lues  at d i f ferent  n is  r e l a t ive ly  r e s t r i c t e d .  

Prec ip i ta t ion  of a un ipo la r - cha rged  ae roso l  in a r e l a t ive ly  un i form e lec t r i c  field onto grounded con-  
ductors  of spher i ca l  o r  cyl indr ica l  shape was studied as  pa r t  of an exper imen ta l  ver i f ica t ion  of these  r e -  
sul ts .  The ae roso l  was charged  by an inductive method,  with the aid of a conical  e lec t r i fy ing  sp ray  device 
[2]. 

The expe r imen ta l  a r r a n g e m e n t  is  sho~m d iag rama t i ca l ly  in Fig.  1. The  liquid is a mix tu re  of g l y c e r -  
i n  (60%) and w a t e r  (40%) with f luoresce in  (0.4%) added dropwise  f r o m  a syr inge  1 to the cone 2, which is  ro -  
ta ted by an e l ec t r i c  mo to r  3 at 2000 r p m .  The liquid f lowrate  was  0.075 cm3/sec.  A me ta l  r ing4 ,  rota t ing inunison 
with the cone and functioning as  an e lec t rode ,  was mounted on insu la tors  on the cone; the c l ea rance  between 
the meta l  r ing  and the cone was 0.5 cm.  A vol tage of posi t ive  po la r i ty  (1100 V) was supplied to the  r ing-  
e lec t rode  v ia  s l ip r ings  10 f r o m  IMolniyaU type s to rage  b a t t e r i e s  connected in s e r i e s .  

As a resu l t ,  negat ive  e l ec t r i ca l  cha rge s  were  induced on the su r f ace  of the liquid f i lm moving ove r  
the cone in r e s p o n s e  to cent r i fugal  f o r ce s  (posi t ive cha rge s  leaked off through the grounded cone 2 to the 
ground).  The charged  liquid f i lm broke  up on the edge of the rota t ing cone to fo rm drople ts  which were  
then thrown off the p e r i p h e r y  of the cone. The bulk of these  d rop le t s ,  possess ing  a high init ial  veloci ty,  
landed on the inner  wal ls  of the s t a t ionary  grounded body (not shown in the d iagram) ,  but some  of them were  
e jec ted  through a por t  in the body, and were  c a r r i e d  off by a s t r e a m  of a i r  f r o m  the guide fan (also not 
shown on the d iagram) ,  and t r a n s p o r t e d  to a region of approx ima te ly  constant  e lec t r i c  f ield se t  up between 
the e lec t rode  5 and the grounded turn table  6, the l a t t e r  dr iven to ro t a t e  at  15 r p m  by the e lec t r i c  motor  7 
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working through a reducing gea r se t  8 (high voltage of negative polar i ty ,  V ~- 20-30 kV, is supplied to the 
electrode 5 f rom the AII-70 high-voltage genera to r  12). The distance between the electrode 5 and grounded 
turntable 6 was set at 80 cm. Spherical  or  cyl indr ical  conductors  9, on which the charged droplets  settled, 
were mounted on the rotat ing turntable 6 at a height of 12 cm. The conductors  were precoated with a thin 
layer  of si l icone on which the spreading coefficient  of droplets  of the different s izes  of the w a t e r - g l y c e r i n e  
mixture  was approximately  constant  [3]. At 45-60% a i r  humidity, the d iameter  of the sett led droplets  (as- 
suming lent icular  shape) remained  pract ica l ly  constant  throughout the experiment  [3]. 

A supply of charged aerosol  was provided in the experiment ,  and the rotating turntable was used to 
dr ive the conductors  through a ~shower" of precipitat ing droplets  in the uniform elec t r ic  field. 

The conductors  with droplets  sett led on them were examined in ul traviolet  light under an MBS-1 
mic roscope ;  the droplets  settled on the top and bottom sur faces  of the conductor  were counted and sized, 
with the amount of a r ea  inspected taken into account.  

In o rde r  to determine the total charge  on the droplets  settling in the region of constant  e lec t r ic  field 
between the turntable 6 and the electrode 5, a grounded metal plate extending in 5000 cm 2 in a rea  was 
mounted on the turntable,  and s i l icone-coated  mic roscope  sl ides were distr ibuted over  the turntable.  The 
charging cu r ren t  I passing through the metal  plate to ground, and due to the precipi tat ion of the charged 
droplets ,  was measured ,  as well as  the total quantity of liquid sett led on the metal  plate and the size d i s -  
tr ibution of the settled droplets .  The values obtained were  I -- 0.005 pA and Q = 0.0014 and cm3/sec .  

In o rde r  to determine the individual charges  on droplets  of different s izes  f rom resul t s  of m e a s u r e -  
ments  of the total charge  on the droplets ,  use was made of the fact  that the individual charges  on the drop-  
lets are propor t ional  to the radius of the drop!ets  in the inductive method of charging [4]. With the aid of 
the sys tem of equations 

r = 26q, + ~%q~ + ... + A%q,~ 
qx / qz = rl / rz, q j . /  qa = = r l [ r  s . . . . .  qa / qm = rl / rm 

the values of the charges  q on droplets  of different s izes  were computed. Here we cite the distribution of the 
the number  of droplets  n in percentages  of the total number  of droplets  N, and also the distr ibution of the 
corresponding charges  q [CGSE units] as a function of the droplet  radius r in mic rons  

r = 5  9 i4 i9 24 30 37 45 53 
n=20 i8 26 i6 8.9 6.2 3~2 i . i  0.02 

q.lO~=2.Z 4.0 6.2 8.2 t0.6 i3.3 17 20 23 

Results  of experiments  conducted with a single sphere  (a ~ 1.3 cm, H = 12 cm) a re  plotted in Fig. 2a 
(curve 1). The droplet  radius  r is plotted as0 absc issa ,  the degree  of nonuniformity in the deposition of the 
droplets  v. = m+/m_ is plotted as ordinate ,  and here  m+ is the number  of droplets  of radius  r settled out in 
the neighborhood of the top pole of the sphere  per  unit sur face  a rea ,  and m_ is the counterpar t  number  for  
the bottom pole of the sphere .  The experimental  resul ts  a r e  indicated by the hollow c i rc les ,  while the 
dashed curve  (curve 1) shows the theoret ical  dependence 

qE~ + M g  
z -  q e ~ - ~ t g  (9) 

represen t ing  the rat io of the fo rces  acting on droplets  sett l ing out on the pole (precipitation occur r ing  in 
response  to the sum of the e lec t r ica l  force  qE 2 and the gravitat ional  force  Mg, where M is the droplet  mass )  
to those fo rces  acting on droplets  settling out on the bottom pole (the difference in these fo rces  acts). When 
the concentrat ion of droplets  in the neighborhood of the sphere  is constant,  and when there  is a l inear  r e l a -  
tionship betweenthe forces  acting on the droplet  and the velocity at which the droplet  moves (Stokes law), 
the ra t io  of forces  ~ becomes equal to the ra t io  of the corresponding s t r e a m s  of precipi tat ing droplets~ 
The quantity E 2 is the field s t rength at the sur face  of the sphere  and was calculated on the basis  of Eqs.  
(1) and (2). 

Figure  2b r ep resen t s  the theore t ica l  and experimental  values of the rat io of the number  of droplets  
sett led on the top pole of the sphere  in the p resence  of e lectr i f icat ion and in its absence,  p = me+/m+,  
where me+ is the number  of droplets  of radius r set t led out in the neighborhood of the top pole of the sphere  
per  unit sur face  a r e a  in electr i f icat ion,  and m+ is the same in the absence  of electr i f icat ion,  all o ther  condi- 
tions being the same.  The experimental  P values a re  marked by hollow c i rc l e s .  The dashed curve (curve 
i )  r ep resen t s  the dependence P = f ( r )  calculated on the basis  of the formula  
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with the aid of Eqs. (1) and (2). 

An a r r a y  consist ing of a row of seven spheres  was  used in the subsequent experiments .  The c r o s s e s  
in Fig. 2a indicate the experimental  values of ~ for the middle sphere in that a r r a y  Ca = 1.3 cm, b := 4 cm, 
tt = 12 cm). The theoret ical ly  predicted values (continuous curve,  curve  2) were calculated with the aid of a 
a digital computer  solution of the corresponding sys tem of four equations. The P values for that sys tem are  
plotted in Fig. 2b, where the experimental  data a r e  represen ted  by c r o s s e s ,  and the theoret ical ly  predicted 
data a re  represen ted  by the continuous curve  (curve 2). 

Similar experiments  using three  spheres  were also performed,  making use of the solution of the c o r -  
responding sys t em of two equations, and experiments  using a single sphere were staged, with the values 
a - -  0.7 cm, a = 2.2 cm, H = 6 era, V = 30 kV. Agreement  between theoret ical ly  predicted and empir ical  val-  
ues of ~ and P was also sa t i s fac tory  in these las i  exper iments .  

We then proceeded to experiments  using steel grounded cyl inders  of radius a = 1 cm and length l -- 
12 cm. These  cyl inders  were set  at height H = 12 cm,  The measurements  of the precipitated droplets  
were taken at midcylinder ,  in the vicinity of the top and bottom genera t r i ces  of the cylinder.  

Experimental  u values a r e  plotted (as c ro s se s )  for one cyl inder  in Fig. 2c, and also for the middle 
cyl inder  in an a r r a y  of seven situated paral lel  to each other  with pitch b = 4 cm and in the horizontal  plane 
tt = 12 cm (hollow ci rc les) .  The dashed curve (curve 1) indicates the theoret ical  curve  ~ := f ( r ) ,  calculated 
on the bas i s  of Eq. (9) with the aid of Eq. (5) for  a single cylinder.  The continuous curve  (curve 2) c o r r e -  
sponds to the theoret ical  dependence ~ :--- f ( r )  for  seven cyl inders  and was obtained by numerica l  solution 
of the corresponding sys t em of four equations on a digital computer .  

The corresponding experimental  and theoret ical  values of P a re  indicated in Fig. 2d. The c r o s s e s  
mark  experimental  resu l t s  obtained for  one cylinder,  the hollow c i rc les  experimental  resu l t s  for  an a r r a y  
of seven cyl inders .  The dashed curve  1 cor responds  to the theoret ical  depencence P = f ( r )  for  a single 
cylinder,  as calculated on the basis  of Eqs. (5) and (10). The continuous curve 2 r ep resen t s  the theoret ical  
dependence P = f ( r )  for  the middle sphere in an a r r a y  of seven cyl inders ,  and was obtained by digi tal-com- 
puter numerica l  calculation of the corresponding sys tem of four equations. 

The resu l t s  of s imi lar  experiments  and computations using three  paral le l  cyl inders  (a = 1 cm, l = 
12 cm, H = 12 cm, b = 4 cm) were also found to be in sa t i s fac tory  agreement .  
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The set of results  appearing in Fig. 2 and the results  of the supplementary experiments mentioned 
attest to the approximate degree of agreement between experiments and calculations at a]~4 _< 0.i16 and 
a/~o _< 0.325. 
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